Abstract: An infinite wedge of orthotropic material is confined between two rotating planar rough plates, which are inclined at an angle 2α. An instantaneous boundary value problem for the flow of the material is formulated and solved for the stress and the velocity fields, the solution being in closed form. The solution may exhibit the regimes of sliding or sticking at the plates. It is shown that the overall structure of the solution significantly depends on the friction stress at sliding. This stress is postulated by the friction law. Solutions, which exhibit sticking, may exist only if the postulated friction stress at sliding satisfies a certain condition. These solutions have a rigid rotating zone in the region adjacent to the plates, unless the angle α is equal to a certain critical value. Solutions which exhibit sliding may be singular. In particular, some space stress and velocity derivatives approach infinity in the vicinity of the friction surface.
Introduction
An instantaneous plane strain rigid plastic solution is obtained for compression of an infinite wedge of orthotropic material confined between two rough plates, inclined at angle 2α, and which intersect in a line. This boundary value problem is ideal for studying qualitative mathematical properties of boundary value problems, including constitutive equations and boundary conditions. For, exact analytical or semi-analytical solutions can be found for many constitutive equations. In particular, such solutions have been presented in [1, 2] for isotropic viscoplastic materials and in [3] for the double slip and rotation model. A description of this model can be found in [4] .
The present paper provides an analytic solution for rigid plastic orthotropic material. It is assumed that the principal axes of anisotropy are straight lines through the apex of the wedge and orthogonal curves, which are of course circular arcs. This type of orthotropy is of practical interest [5] [6] [7] [8] among many others. The paper focuses on qualitative features of the solution such as nonexistence of the solution, singularity in the stress and velocity fields, appearance of a rigid region near the plates and transition between the regimes of sticking and sliding. The effect of plastic anisotropy on these features is discussed.
The stress and velocity fields are singular if the regime of sliding occurs in the case of the maximum friction law. A detailed asymptotic analysis of the solution is performed for this case. In particular, it is shown that the asymptotic behavior of the solution is in agreement with the general theory developed in [9] .
An applied aspect of the solution found, is that it can be used in conjunction with the method for analysis and the design of flat-rolling proposed in [10] . It is known that solutions, found by means of this method, show a good comparison with experiment [11] [12] [13] , and are used for verifying solutions found by means of other approximate methods [14, 15] . The importance of developing fast approximate methods for the analysis and design of the process of rolling has been emphasized in [16] .
Statement of the Problem
Two semi-infinite rough plates rotate towards each other with angular velocity of magnitude  about an axis O and compress a wedge of polar orthotropic material. The plates are inclined to each other at an angle 2α (Figure 1) . The boundary value problem consists of the instantaneous plane strain deformation of the wedge. The problem is solved in a system of plane polar coordinates    , r with its origin at O and with   0 , taken as the perpendicular bisector of the angle 2α. It is assumed that the principal axes of anisotropy coincide with coordinate curves of the coordinate system chosen.
Then,   0 is an axis of symmetry for the flow and it is sufficient to find the solution in the region   0 . The components of the stress tensor referred to the polar coordinate system are denoted as Therefore, the radial velocity should satisfy the following condition:
at  0 r . By symmetry,
and
at   0 . The circumferential velocity should also satisfy the condition:
at    . Finally, the friction law is taken in the form: It is assumed that the material obeys Hill's quadratic yield criterion [17] and its associated flow rule. The elastic portion of strain is neglected. In the case of plane strain deformation of a polar orthotropic material, whose principal axes of anisotropy coincide with the coordinate curves of the polar coordinate system, the constitutive equations of the model are:
where (6) in the yield criterion and (7) is the associated flow rule. The quantity T is the shear yield stress in the coordinate system chosen, c is a constitutive parameter,  is a non-negative multiplier, 
denote the components of the strain rate tensor. The parameter c can be expressed in terms of the yield stresses in the directions of the principal axes of anisotropy and can vary (theoretically) in the range    1 c [17] . Eliminating  between the equations in (7) yields:
It is evident that the first equation here is the equation of incompressibility. The strain rate components are expressed in terms of the velocity components as
The system of Equations (6), (8) and (9) are supplemented by the stress equilibrium equations:
In total, there are five unknowns (three components of the stress tensor and two components of the velocity vector). The equations to solve are (6) , (8) and (10) . It is understood here that the components of the strain rate tensor in (8) should be eliminated by means of (9) . The solution should satisfy the conditions (1) to (5).
General Stress Solution
The yield criterion (6) is satisfied by the following substitution:
where  and  are new unknown functions of r and  . The direction of flow dictates that . Then, it is immediate from (11) that:
Using (11) and (12) the boundary condition (3) transforms to:
at   0 . Substituting (11) into (10) gives: 
A standard assumption made in similar problems of the classical theory of plasticity is that  is independent of r [17] . In this case, the equations in (14) become:
The first equation can be immediately integrated to give: 
Since the right-hand side of this equation is independent of r, the coefficient of
ln r r on the lefthand side must vanish. Then, Equation (17) results in the following two equations:
Here 0 K is a constant of integration. Equation (16) becomes:
The second equation in (18) can be rewritten as: 
Integrating gives:
where 1 K is constant of integration.
It is seen from (12) and (13) 
The first equation in (18) can be integrated to give:
The constant 0 K cannot be determined without the solution for velocity.
General Velocity Solution
The velocity components may be represented as:
The condition (1) and the first equation in (8) (9) and (26) combine to give: It is seen from (2), (13) and (26) To complete the solution of the boundary value problem, it is necessary to satisfy the boundary condition (5).
Solution of the Boundary Value Problem
The boundary condition (5) comprises two friction regimes, sticking and sliding. These regimes should be treated separately.
Regime of Sticking
In this regime, the boundary condition (5) 
Regime of Sliding
It is convenient to consider two cases,   . Equation (22) . In this case, the equation for
Equation (23) 
Equations ( 
In these equations,  w should be eliminated by means of (41). Equation (22) 
The value of (18), (19) and (20) as:
Equations (49) and (50) combine to give: Consider the strain rate field. It follows from the definition for G, (27) and (31), that similar approach has been used in visco-plasticity [19] , where the qualitative behavior of the quadratic invariant of the strain tensor near the friction surface, that its magnitude approaches infinity has been taken into account.
Conclusions
The boundary value problem for the flow of the orthotropic material, resulting from the problem formulated in Section 2 and illustrated in Figure 1 , has been solved with the resulting solution being in closed form. The stress field has been determined up to an arbitrary constant ( 1
